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ABSTRACT 
We examine tlie relation between Polyalcov's formulation of two dimensional super- 
gravity and gauged Wess-Zumino-Novikov-Witten models. 



1. Introduction 

The subject of two dimensional (super) conformal field theory has connections with 
many active areas of both theoretical physics and pure mathematics. In particular, two 
dimensional (super) conformal field theory coupled to two dimensional (super) gravity is 
not only of interest as a tractable theory of quantum (super)gravity but an essential 
ingredient in the formulation of off-critical (super) string theories in the description of 
elementary particles. From the point of view of statistical mechanics, two dimensional 
quantum gravity describes the critical theory at a second order phase transition point 
on a random lattice. 

The subject was transformed by Polyakov's treatment of two dimensional gravity as 
an induced theory arising from quantum averaging over some underlying matter degrees 
of freedom coupling to a gravitational field via their stress-energy tensor [1]. 

It is clear from the work of Polyakov et al. [1], that one can gain a more under- 
standing of the problem of quantizing two dimensional quantum gravity if, instead of 
the conformal gauge, one chooses alternatively a "chiral" gauge. For this choice, there 
are analogies one can make between two dimensional quantum gravity and the Wess- 
Zumino-Novikov-Witten (WZNW) model [16]. This then led Polyakov to the remarkable 
discovery that the theory possesses an associated chiral current algebra based upon the 
non-compact group SL{2, R). This result was obtained by an explicit calculation of the 
correlation functions for the gravitational field. A generalization of this result to both 
the A^ = 1 and N = 2 supersymmetric case is possible [1,7], yielding graded versions of 
SL{2,R), the orthogonal symplectic groups OSp{l,2) and OSp{2^2) respectively. 

Recently, there has been a lot of progress in understanding the symmetries of 
Polyakov's two dimensional gravity and supergravities in terms of the coadjoint orbits 
method (for a review see [11]) and the gauged Wess-Zumino-Novikov-Witten models. 
Alekseev and Shatashvili [2] constructed a geometric action on a particular coadjoint 
orbit of the Virasoro group [3] . The action they derived is, 

S.^r{F) = ^ j dX2zj^^—{d,FdA^F -2{d,\2F)\2), (1.1) 

where dz = djdz, d^ = d/dz- * The action Syir{F) is invariant under the SL{2,R) 
transformation symmetry, 

d{z)F + h{z) , , , , 

Fiz,z)^--4T, H-; ad-hc = l. 1.2 

^ ' ' c{z)F + a{zy ^ ' 

In addition, in reference [2] it was shown that the action (1.1) is classically equivalent 
to a Borel gauged WZNW model with the gauge group SL(2,R). The equivalence at 
the quantum level was demonstrated by Bershadsky and Ooguri [4] by showing that 
the representations of the conformal field theory are those of the constrained SL(2, R) 
WZNW model. 

The two dimensional quantum gravity action can be obtained from the geometric 
action (1.1) through the following transformation, 

F{f{z,z),z) = z, (1.3) 



* we parametrize the two dimensional space time with coordinates {x,t) hj z = t + x 
and z = t — X. 



and is expressed in terms of the scalar field / as, 

o ., ^ ^ /■ ,>. fd,X2fd,dsf {d,X2f)X2d,f\ , d,f 

^^-^^-^-^^ = -2^ J "^^H^dJW^ idJ)X3 J' ^''=dj^ ^'-'^ 

where hzz is the component of the gravitational field surviving the light-cone gauge. 

With regard to the supersymmetric extensions of these results, an (1,0) supersym- 
metric geometric action has been formulated in [5,6] on the coadjoint orbit (of purely 
central extension) of the A^ = 1 superVirasoro group. The authors also derive an ac- 
tion for (1,0) supergravity by gauging the Borel subgroup of the (0, 1) supersymmetric 
SL{2, R) WZNW model. However, the supergravity action they obtained does not have 
the 05*^(1,2) current algebra but instead an A^ = 1 supersymmetric extension of the 
SL{2,R) current algebra. This formulation of (1,0) supergravity [5,6], simply corre- 
sponds to a different gauge choice in the (1,0) supergravity theory, and is explained as 
follows. In (1,0) supergravity the covariant derivatives are expressed as, 

Va = EaXMDm + ojaM, (1.5) 

where EaXM are the vielbiens and uja is the connection. The torsion and curvature are 
determined by the graded commutators of the covariant derivatives. In order to reduce 
the component fields of supergravity, one must introduce a set of algebraic constraints on 
these superfields. For (1,0) supergravity, the unconstrained fields [23] are, in component 
form, 

HXze = pqXz + OhXzz, 

HXzz = hXzz + eijxez, (1.6) 

s = h + ei^xe-z. 

The component fields {hXzz,hXzzjh} represent the graviton, {i/jXOzji^XOz} repre- 
sent the gravitino and pXzg is a pure gauge degree of freedom. Choosing the chiral 
gauge, HXzg =0, S — 1, gives an action whose degrees of freedom are the graviton and 
the gravitino, and the equation of motion derived from the anomaly equation [7,25] is, 

dX2zDgHXzz = 0. (1.7) 

The symmetry of the theory in the above chiral gauge was derived in [7] where it was 
shown that the system possesses an OSp{l,2) current algebra. However, if we choose 
instead a different gauge, by setting HXzz = 0, 5" = 1, the action obtained describes the 
graviton and the gauge degree of freedom pXzg. In this gauge, the equation of motion 
derived from the anomaly equation is, 

dX3zHXze = 0. (1.8) 

This equation is nothing more than the supersymmetrization of the bosonic gravity 
equation of motion dzXdhXzz- It is easily realized that one obtains an A^ = 1, SL{2, R) 
current algebra, where the SL{2,R) currents of the bosonic case [1] are promoted to 
superfields with fermionic components related to the extra degree of freedom pXzg. This 
corresponds to the model considered in [5,6]. 



The (1,0) geometric action, constructed on the coadjoint orbit of purely central 
extension of the superVirasoro group is given by [5,6,11], 






D^ASGo De\2QQ 



DeQo DgOo 

(1.9) 

where Zo{z, z, 9) and ©o(-2, -2, ^) are superdiffeomorphisms in [z, 6) superspace obeying 
the superconformal condition, 

DbZ^ = QoDeQo. (1-10) 

where Dg = dg + 98^ is the superderivative. By using the superconformal condition, 
the geometric action (1.9) can now be rewritten in the form, 

^....A(1,0) = - I d\2zde^-^p^^^. (1.11) 

The (1,1) geometric action can be deduced simply by replacing dz with the su- 
perderivative Dq = d§ + Odz in Eq. (1.11), 

^_^^A(1,1) = — [ dX2zdX2e^f^^^. (1.12) 

^ ' ^ 2% J {DgQ)X2 ^ ' 

The relation of the above action to that of (1, 1) supergravity [12] is obtained through 
the following set of transformations, 

x{(i),z,i),e) = z, e{(j),z,t(j,e) = e. (i.is) 

The (1, 1) supergravity action is then given as [12, 25], 

sm.) - -±/.....««^(., - ^^e.)n.,, (1.14) 

where the gravitational field is parametrized as, 

^^'' - {De^)\2 ■ ^^-^^^ 

It has been argued in [9], that the geometric actions (1.11) and (1.12) are equivalent 
to those obtained by gauging the Borel subgroup of (1, 0) and (1, 1) super SL{2, R) Wess- 
Zumino-Novikov-Witten models respectively. However, in the analysis of [9], it is not 
quite clear how the superconformal condition can be obtained from the gauged WZNW 
model. 

In [10], the geometric action (1.11) was shown to be equivalent to the Borel gauged 
OSp{l, 2) WZNW model. There it was found that the constraints obtained after inte- 
grating out the gauge field are equivalent to the superconformal condition. 

Following the analysis of [10], we shall show that the action (1.12) describes a theory 
equivalent to a Borel gauged (0, 1) OSp{l, 2) WZNW model. We will also explain the 
origin of the relation (Eq. (1.13)) which connects the geometric action (1.12) and (1, 1) 
supergravity action and derive the supergravitational "composition formula" [13]. The 



relation between the central charge of the OSp{l,2) current algebra of (1,1) induced 
supergravity and the conformal anomaly of the superconformal matter is also obtained. 
This work is organised as follows. In section 2, the formulation of (1, 1) suprgrav- 
ity in the superlight cone gauge [1,7,8] is briefly reviewed. In section 3 we show the 
equivalence of the Borel gauged (0, 1) OSp{l, 2) WZNW model to that of SX{1, l),.^^^. 
Section 4 is concerned in showing the relation of the geometric action to that of (1,1) 
supergravity. In the last section a canonical derivation of the renormalization of the 
central charge of the current algebra of supergravity is given. 



2. Review of (1, 1) Supergravity 

In this section the theory of (1,1) supergravity formulated in the super light-cone 
gauge is briefly reviewed. The (1,1) supergravity theory is described by a set of covariant 
derivatives [7, 20] 

Va = EaXMDm + ojaM, (2.1) 

where Ej\\M are the vielbeins, wa are the spin connections and M is the Lorentz 
generator. The superspace derivative Da is. 

Da = (a., a,, Db = — + 9d,, Ds = ^ + ed,^ . 

The constraints in the (1,1) supergravity theory are, 

{Ve,V4 = 2V„ (2.2a) 

{V,-,V,-} = 2V,-, (2.26) 

{Ve,V,-} = i?M. (2.2c) 

As a consequence of the constraints, some of the components EaXM and iva are ex- 
pressed in terms of a set of independent superfields. After solving the constraints and 
going to the super light-cone gauge, it is found that the only degree of freedom in the 
theory is H§Xz and the covariant derivatives are expressed in terms of HXz§ as, 

V,- = Dg - HXzgd, + ^{DoHXzs)Do - d^HXzgM, 
Ve = Dff. 

The equation of motion for the field HXzq, derived from the anomaly equation is, 

DgdA2HXzg = 0. (2.4) 

The solution to the equation of motion (2.4) can be expressed in terms of superfield 
currents as, 

HXzg{z, z, e, 0) =JX+l{z, 6) - 2JX0{z, e)z + JX-l{z, e)zX2 

( 1 - 1 - \ (2.5) 

+ e[jx-{z,d)- jx--{z,d)zy 



From the calculation of the Ward identity involving the gravitational field HXzg, 
it can be deduced that these currents satisfy an A^ = 1 super OSp{l,2) Kac-Moody 
algebra [21], 

JXa{zi,ei)JXb{z2,62) = ^ \ ^ , (2.6) 

where k is the central charge of the current algebra, Z12 = Z1—Z2—O162 and 612 = O1 — 62, 
rjXab is the OSp{l, 2) invariant metric and fXabc are the structure constants ofOSp{l, 2) 
algebra. After fixing the super light-cone gauge, the theory is invariant only under 
residual transformations respecting the gauge choice. It can be shown that these residual 
transformations are generated by TXtotal, JX—1 and JX—\, where, 

TXtotal = TXs.matt + TXs.grav + TXghost (2.7) 

is the sum of the contributions of the superconformal matter, the gravitational field 
and the ghost fields to the stress energy tensor. It has to be noted that TXs.grav has, 
besides the Sugawara form [24], an additional linear term in the current J^XO, 

TXs.grav = TXsug + d^JXO. (2.8) 

This modified stress tensor satisfies a superVirasoro algebra with conformal anomaly 

/I 2k \ 3 - 3 

cXs.grav= (- + — )-6(A;+-); k = -k (2.9) 

^ V2 2A;-t-3/ ^2^' 2 ^ ^ 

where the first term comes from the Sugawara form [24] and the second term derives 
from the linear term. 

The central charge of the current algebra is determined by the coefficient which 
multiplies the induced quantum supergravity action and supergravitational quantum 
fiuctuations may lead to a finite renormalization of this central charge. To calculate this 
requires summing up all loop contributions to the effective action. Instead, however, 
one can use [1,8] the self consistency relation arising from the residual invariance of the 
theory. This relation is satisfied if the total central charge of the theory vanishes, i.e, 

cXtotal = cXs.matt + cXs.grav + cXghost 

1 2k 3 

= cXs.matt + - + ^^^ - 6(/c + -) - 9 (2.10) 

= 

where —9 is the sum of the conformal anomalies of the ghosts introduced to fix the super 
light-cone gauge and cXs.matt = 3d/2 is the conformal anomaly of the superconformal 
matter inducing quantum supergravity. 

Details of the study of (1,1) supergravity in the super light-cone gauge are given 
in [8]. 



3. Borel Gauged (0,1) OSp{l,2) WZNW model 

We start by reviewing the Borel gauged OSp{l, 2) WZNW model [10]. The resulting 
model is equivalent to the geometric action related to (1,0) induced supergravity. 
Let OSp{l, 2) denote the set of graded matrices M satisfying, 

MXtai + (-1)Ak(7iM = (3.1) 

where k = for the even elements of M and k = 1 for the odd elements, ai is given by. 



ai = 1 (3.2) 




and MXt denotes the supertranspose of the graded matrix M. Eq. (3.1) is solved by, 

M= \ p -m X I (3.3) 



m 


n 


-( 


p 


—TO 


X 


X 


c 






where {m,n,p} are even and {C, x} are odd elements. 
The following basis of OSp{l,2) is now considered, 

i 0\ /O 1 O' 

/o = I -i /i = I /_i 
0/ \0 

0\ /O 1 

/_! = I 1 /i = 

10 0/' \0 -1 




(3.4) 
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The Borel subgroup is defined as the subgroup generated by /_i and /_i. The 
Borel gauged OSp{lj2) WZNW model is described by the following action, 

Sgauged = S (q) + str f dX2zViid,ggX-l - Ki), (3.5) 

where g{zj z) G OSp{l, 2), str denotes the supertrace and S{g) is the original OSp{l, 2) 
WZNW model [16]. The supermatrix Vi is a gauge field taking values in the Borel 
algebra of OSp{l, 2) and plays the role of a Lagrange multiplier and Ki is a constant 
supermatrix, 

/O 0\ /O 1 0' 

Fi=L4 0?7 Ki=0 0|. (3.6) 

\r] 0/ \0 

The OSp{1^2) group element g can be represented by, 

1 \ / F2 ~ 

g=\ F^ 1 ei F2A-I I I 1 | (3.7) 

ei 1 / V 1 




where {Fi, ^2,^3} are bosonic fields while {ei, 62} are fermionic fields. 

In expressing the gauged action in terms of the components fields it is very useful 
to use the Polyakov-Wiegmann identity [15], 



S{9i92) = S{gi) +S{g2) + ^ / dX2zstr(giX-ld^gid^g2g2X-ly 



(3.8) 



Integrating over the gauge field in (3.5) imposes the constraints, 

F2\2{d,Fs + 0,6262) = 1, (3.9o) 

F2d,62 - ei = 0, (3.96) 

which, after being substituted back into the gauged action and using the Borel local 
gauge invariance to gauge away the field $, leaves a reduced theory which can be 
expressed only in terms of the dynamical fields -F3 and 62 in the following reduced form, 

S{Fs,62) = ^ j d\2z{F2\-ld,F2F2\-ld,F2-F2\2d,62d,d,6^ (3.10) 

supplemented by (3.9a). 

We now turn to the action (1.11) and express it in component form. In terms of 
the components of Gq, 

eo = ao(^,^)+6'/3o(^,^), (3.11) 

the action (1.11) can be expressed as, 

Ss..^rX{l,0) = -J dX2z[^^-^ + /j,A2 ;• ('-^'^ 

If we now make the identification 

1 

(3q = tt. «0 = ^62, (3.13) 

then the action (3.10) coincides with (3.12). 

The action (1.11) is supplemented with the superconformal condition (1.10) which, 
in terms of the components of Oq and Zq — Xq + 9Xi, gives, 

d,Xo = -aod,ao + l3oX2. (3.14) 

Making the identification Xq = -F3, (3.14) becomes the constraint (3.9a) which supple- 
ments the reduced action (3.10). 

Now it is straightforward to generalize the above analysis to the Borel gauged (0, 1) 
OSp{l, 2) WZNW model. Here the model is described by three (0,1) bosonic superfields 
{^1,^2, -^3} and two fermionic (0,1) superfields {81,82}- 

The Borel gauged (0, 1) OSp{l, 2) WZNW model is described by the following 
action 

Sgauged = S (G) + str f dX2zdeV {d,GGX-l - Ki). (3.15) 



where G{z^z^9) is a group element of 05'p(l,2), S{G) is the original (0,1) OSp{l,2) 
WZNW model and the supermatrix Vi is a gauge superfield taking values in the Borel 
algebra of OSp{l, 2) and plays the role of a Lagrange multiplier. 

In expressing the gauged action in terms of the components fields, it is very useful 
to employ the supersymmetric version of the Polyakov-Wiegmann identity, 

S{GiG2) = S{Gi) + S{G2) + ^ f dX2zdOstv(GiX-lDeGid^G2G2X-lj. (3.16) 

Following the same steps as for the bosonic case, we express the gauged action in terms 
of the dynamical superfields J-'s and S2 in the following reduced form, 

^(^3,^2) = ^ I d\2zde[j^2\~ld,J^2J'2\-lDoJ^2 - J'2X'2d,£2d,Dg£2). (3.17) 

supplemented by, 

^2A2(4^3 + 5z^2^2) = 1. (3.18) 

The gauged action is invariant under the right symmetry G -^ GQ'{z, 9). We represent 

Q'{zJ)eOSp{l,2)hy, 

aba 
Q'{zJ) = \ c d (3 \ (3.19) 

a/3 — ca b/3 — da 1 + /3a 

where {a, 6, c, d} are even and {a, /3} are odd elements, with (ad— be — l—/3a). Therefore, 
the reduced action is invariant under, 

^ ^ dJ^2 + b {/3J^2+a)£2 

0^2 + a (cJ^2 + a)A2 ' , . 

_^ a + (3^2 S2 

Cj^2 + tt Cj^2 + « 

These are the super OSp{l,2) transformations. The maximal symmetry in the left 
moving part of the theory is the superconformal symmetry [19]. 

In conclusion, the Borel gauged (0,1) OSp{l,2) model has the same symmetries 
as the 5'A(1, 1)^ ^^^ model, i.e., a super OSp{l,2) Kac-Moody symmetry in the right- 
moving sector and superdiffeomorphism in the the left moving part of the theory. 

We now turn to the action (1.12) and express it in terms of the component fields. 
Expanding G = Oo(-2, z, 6) + 6Qi{z, z, 6*), the action (1.12) can be expressed in the form, 

Ss...rX{i,i) = ^j dX2zde[ ^^^^^^^^ + (D,eo)A2 J- ^^-''^ 

In terms of the components of Oq and Gi, 

eo = Mz^^)+9/3o{z,z), (3.22a) 

ei=ai{z,z)+e/3i{z,z), (3.226) 

9 



the action (3.21) becomes, 

^ ^ 27r y V /3oA2 /3oA2 /3oA3 ^ /3o ^ /3oA2 / | 

(3.23) 
We also express the reduced action (3.17) in components. Writing J?-2 = Ai + 6X2 
and £2 = fi + ^/2, the reduced action (3.17) is expressed, 



^(•^^'^^) = |^/^A2.( ^-^^^--^^^+/-^^^^ - 2A,A.a./,a./. 

+ \i\2d,hd,d,h - AiA2(a,/2)A2 



(3.24) 



Now making the identification, 

1 A2 

the action (3.24) is found to coincide with (3.23). 

The action (1.12) is supplemented with the superconformal condition, 

DeZ = QDqQ- Z = Zo + eZi 

which gives, 

DeZo = eoI^eOo, (3.26a) 

DeZi = -QoDeQi - QiDeOo- (3.266) 

Expanding Zq and Zi as follows, 

Zo = Xo + ex^, z^^Yo + eY^, 

Eq. (3.26) yields, 

dXo = -aodao + /3oA2, (3.27a) 

dYo = — 2/3o/3i — aidao + aodai. (3.276) 

The constraint (3.18) supplementing the reduced action (3.17), in components, 

gives, 

AiA2(a,Fi + a,/i/i) - 1 = 0, (3.28a) 

AiA2(a,F2 + dj2fi - djif2) + 2:^ - 0, (3.286) 

where J-'s = Fi + 6F2. Identifying Fi and F2 with Xq and Yq respectively and using 
(3.25), equations (3.27a) and (3.27b) are shown to coincide with (3.28a) and (3.28b) 
respectively. The above demonstration shows the equivalence of the two theories. 

4. Gauge transformations and superdiffeomorphisms 

In the introduction it was stated that the (1, 1) supergravity action (Eq. (1.14)) 
is connected to the action 5's.„irA(l, 1) through a change of variables (Eq. (1.13)). In 
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this section, this connection is explained by exploiting the relation between superdif- 
feomorphisms and restricted gauge transformations [13]. We first derive the (1, 1) su- 
persymnietric version of the Polyakov-Wiegmann identity, the so called "composition 
formula" [15]. Then from the relation between superdiffeomorphisms and restricted 
gauge transformations [13], the connection between the geometric action Ss.vir^i^A) 
and Ss.grav^i^, 1) is verified, appearing to arise from a consequence of a simple property 
of WZNW models. Finally the "composition formula" for the (1, 1) supergravity action 
is obtained, which is also reminiscent of that for the WZNW model. 

Consider a (1,1) supersymmetric two dimensional gauge theory with an OSp{l, 2) 
gauge group. This theory is described in terms of two gauge fields AgXa and AgXa, where 

a = [1,0, —1, 1, — ^ ) is an OSp{l, 2) gauge group index. The gauge transformations of 

the gauge fields are given as, 

SAgXa = —VgeXa = —(DgeXa — f XahcAgXheXc] , (4.1a) 

5AgXa = —VgtXa = —iDQeXa — f XahcAgXhtXc] , (4.16) 

where fXabc are the structure constants of the OSp{l,2) algebra. 
The action of the gauge theory described by Ag, is given by, 

Si{Ae)r^logsdet{De-Ae). (4.2) 

Its variation under gauge transformations is now, 

dSi{Ae) = f dX2zdX2e sir (JgdAg), (4.3) 

where Jg is the gauge current satisfying the anomaly equation 

VeJs = -kDgAe. (4.4) 

By substituting (4.1a) in (4.3) and using the above anomaly equation, we obtain 

5Si{Ag) = - f dX2zdX2e str(jgVge) 

= - I dX2zdX29 str feVgJg) (4.5) 

= k dX2zdX2e str(eL'e"^e)- 



We now Parametrize Aq by. 



Ae = DeggX-1, (4.6) 



where g is a, group element of OSp{l, 2) gauge group in (1,1) superspace. Then Si{Aq) 
is solved by a (1,1) super WZNW model, Si{g). 

Similarly one can parametrize Ag = DgkhX—l, where /i is a group element of 
OSp{l,2) gauge group in (1,1) superspace, and study the dynamics of the gauge field 
Aq, to find that, 

S2{A§)r^logsdet{D§-A§) (4.7) 

11 



is also solved by an A^ = 1 OSp{l, 2) WZNW model, 5*2 (/i). The final form of the total 
effective action is then, 

Seff{g,h) = Si{g) + S2{h) - k f dX2zdX2estr{DgggX-lDQhhX-l), (4.8) 

where the last term is added to insure gauge invariance. Now, a finite gauge transfor- 
mation on Ag and Ag is given by, 

g^Ug, h^Uh, UeOSp{l,2). (4.9) 

As the effective action (4.8) is invariant under this transformation, this implies the 
following relation, 

S,ff{g,h) = S,ff{Ug,Uh). (4.10) 

If we set U = hX—1 or U = gX—1, we can then deduce that 

S,ff{g,h) = Si{hX-lg) = S2{gX-lh), (4.11) 

and in particular, 

Si{hX-l) = S2{h) (4.12). 

Finally, we arrive at the (1,1) supersymmetric extension of the Polyakov-Weigmann 
composition formula, 

Si{hX-lg) = Si{g) + Si{hX-l) - k f dX2zdX2e str{DeggX-lDghhX-l). (4.13) 

Following Polyakov [13], we now partially fix a gauge by imposing the following 
conditions, 

AeXl = AeXO = AeX-^=0, AeX^ = l. (4.14) 

Then the gauge transformations (4.1), give the following relations, 

5AeX-l = -DeeX-1 + A^A-leAO, (4.15a) 

dAgXl = -DgeXl - 2eX- = 0, (4.156) 

SAeXO = -DeeXO - 2AgX-leXl + 2eX-- = 0, (4.15c) 

5AgX- = -DgeX- - -eXO = 0, (4.15rf) 

5AeX-\ = -DeeX-- + AgX-leX- - eX-1 = 0, (4.15e) 

^ ^ ^ 

which then give the following relations among the gauge parameters, 

eAO = -2D0eX- = d^eXl, (4.16a) 

12 



eA-1 = l-AeX-lDgeXl - DeAgX-leXl - ^-d^eXO. (4.166) 

These relations, when substituted back into (4.15a) now give, 

6AeX-l = +-DedX2^eXl + -DeAX-UDgeXl + d^AeX-leXl + -AeX-W^eXl. (4.17) 

^ Zj Zj 

If we set Tqz = kAffX—l, we then obtain the following equation 

5T0, = ^DedX2,eXl + ^DeTe.DeeXl + d,Te,eXl + ^Te.deXl. (4.18) 

This relation represents the infinitesimal superconformal transformation of the super- 
stress energy tensor. This is because within the background oi AgX^ = 1, the isospin is 
equivalent to the spin and thus all the fields in this background will acquire an additional 
spin equals to their OSp{l,2) isospin [13]. Therefore AX—lg is a spin 3/2 superfield 
and also, eAl can be identified with eXz. In the partially gauge fixed theory discussed 
above, the WZNW model will become a model describing the dynamics of T^z and so 
dS{Ag) becomes, 

SS{Tez)= f dX2zdX2eeXzDgTez, (4.19) 

where 5S{Tqz) represents the transformation under the superconformal transformation 
(4.18). In addition, 5S{Tqz) is given by, 

5S{Tez) = - f dX2zdX2eLXzo5T0z, (4.20) 

where LXzg is a function of TzQ. Comparing the above two equations and using (4.18), 
we deduce that LXzg should satisfy the following equation, 

(d,- - LXzgdz + ]^{DeLXzg)De - ^{dzLXze))Tez = -^DedX2zLXz-0. (4.21) 

Define S{HXz§) as the Legendre transform of S{Tgz) [13], then its transformation 
under superdiffeomorphisms is given by, 

5S{HXzg) = I dX2zdX2eZez5HXzg, (4.22) 

where Zgz satisfies the following equation, 

(l),- - HXzgdz + ]^{DeHXze)De - ^{dzHXze))Zez = ~DedX2zHXzs, (4.23) 
and the field HXz§ satisfies the following transformation, 

5HXzo = {Oe - HXz-odz + ]^{DeHXze)De - {dzHXzg)yXz. (4.24) 
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Finally, we define the action 

W{HXzg, Te,) = S{HXzg) + S{T0,) - f dXlzdXieHXzgTe^. (4.25) 

It can be easily checked that this combined action is invariant under the transformations 
given by equations (4.18) and (4.24). 

We turn now to find a solution for the action S{HXz§). Parametrize HXzq as, 

^^"' ~ {Dei^)X2 ' 

where (/> and ij) satisfy, 

De(t) = ipDei;, (4.26) 

then the anomaly equation (4.21) is solved by a superSchwartzian derivative, 

^'^ = H^W^ - ' iDei.)X2 J = ^'^(^)' ('-'^^ 

and the action S{HXzq) is given by, 

S{HXzs) = -kSs.gravX{l,l){<l>,il;) = -k J dX2zdX20 ^j^J^^^^ {d§- ^fj^'J^^f d,) Dei^\ 

(4.28) 
The action S{Tqz) is the geometric quantization of the super Virasoro algebra, and 
it is given by. 



D^eDflASe 



rfA2^rfA20(-^^^^ 
' j dX2zdX2e(^i^^^^:m('^'^^ ^'^^'^^^^ 



(4.29) 



2 J V (L'ee)A2 / V DeO iDge)X2 

where X{z, z, 9, 9) and 0{z, z, 9, 9) satisfy the superconformal condition 

DeX = QDeO, (4.30) 

and 



^'^^ ^ (D,e)A2 ' 
^^- = H^^-' (i^,e)A2 J = '-^(^^- 

The finite form of (4.18) and (4.24) can be represented by 

X{z,z,9,9)^X{Xi,z,ei,9), 

e{z,z,9j)^e{x^,z,ei,9), 

(P{z,z,9j)^cP{X^,z,ei,9), 
il;{z,z,9,9)^ijiXi,z,ei,9), 

14 



(4.31) 



(4.32) 



which symbohcaUy will be written as 

(X, e) ^ (X, e) . (Xi, Gi), ((/>, ^) ^ ((/>, ^) . (Xi, Gi). (4.33) 

These relations are obviously the gravitational analogue of, 

g -^ Ug, h — > Uh. 
Also (XA— 1,6A— 1) is defined as, 

{x,e)»{xx-i,ex-i) = {z,e). (4.34) 

This to be understood as the gravitational analogue of ggX—1 = /, where / is the 
identity. 

The invariance of the combined action W{HXz§, Tg^) under superdiffeomorphisms 
implies the relationship, 

w(^{x, e), ((/>, V)) = w(^{x, e) . (Xi, eo, (</>, v) • (Xi, eo) . (4.35) 

If we set (Xi,ei) = ((/)A-1,^A-1) or (Xi,ei) = (XA-l,eA-l), then the above 
equation gives 



w({x, e), {<j), V')) = kSs..^rX{l, 1) f (X, e) . {<j)X-i, ^a-i) 

^ ^ , ^ X (4.36) 

= -A;5s.g™.A(l, 1) (((/>, V) • (XA-1, GA-l) 



and in particular, 

kSs.v^rX{l, 1) ((X, 6)) = -A;5,.3™„A(1, 1) ((XA-1, GA-l)) . (4.37) 

This last relation is reminiscent of 

Si{hX-l) = S2{h), 

and explains why one obtains the classical supergravity action from the geometric action 
when 

(X,e).((/>,^) = (z,^). (4.38) 

Finally we obtain the "composition formula" , 

kSs.y^rX{l, 1) ((X, e) . {<PX-1, V'A-1)) = -kSs.gravX{l, 1) (((/>, V)) + kSs.v^rX{l, 1) ((X, 0) 



fc / rfA2.rfA2^^^^I1^5(e). 



5. Induced Quantum (1,1) Supergravity 
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(4.39) 



In this section we study the quantum theory of (1, 1) supergravity using the analysis 
derived in the previous sections. Initially, it has been demonstrated that the classical 
geometric action describing the superVirasoro algebra is equivalent to the constrained 
(0,1) OSp{l, 2) WZNW model. However, it has been argued by Ooguri and Bershadsky 
[19] that the Borel gauged bosonic OSp{l,2) WZNW model at level k gives a theory 
whose left moving part gives representations of the superVirasoro algebra with central 
charge, 

,,.!^.^_3(2. + 3)-^^, (5.1) 

while the right moving part is described by an OSp{l,2) current algebra. It can easily 
be deduced that the Borel gauged (0,1) OSp{l,2) WZNW at level fc has an A^ = 1 
OSp{l, 2) current algebra in the the right moving sector while the left moving sector is 
described by a superconformal field theory with central charge given by Eq.(5.1) 

Therefore, it can be concluded that quantum mechanicUy, the theory of the super- 
Virasoro group with the geometric action — ((ifc/4)5'A(l, 1)^ viri^) ^^ equivalent to the 
constrained (0, 1) OSp{l,2) WZNW model of level k. The modification of the central 
charge which multiplies 5'A(1, 1)^ yiri^) (which is k at the classical level) could also be 
understood in terms of the Jacobian factor resulting from the change to a superdiffeo- 
morphic invariant measure in the functional integral of 5'A(1, 1)^ vir(^)- 

The superstress energy tensor generating the superVirasoro algebra satisfies the 
operator product expansion 

r(Z.)T,Z.)^|4+3/2Ml|)^!H^?|I(M + V2^?^, (5.2) 

Z12AO Z12AZ Zj\2 -^12 

where Z denotes a point in (1,1) superspace, Zx2 = zi — Z2 — O162 and 6*12 = 61 — 62- 

In the super light-cone gauge, the effective (1,1) supergravity action is the gener- 
ating functional for the superstress energy tensor of the supermatter inducing it. The 
operator product expansion of the superstress tensor implies the following relation for 
its generating functional V{H\zq), 

(p-0 - HXz-ed, + ^{DeH\ze)De - ^{d.HXze)) JJ^.^i^Xz^) = -^dA2D0HXze. 

(5.3) 
This is solved by, 

r(m^,-) = ^5A(i,i)_(e), (5.4) 

where, 

H^--e = ^jD^^^ e(</>,.-,V',^) = ^. (5.5) 

Therefore, the quantum (1,1) supergravity is defined by the following functional 
integral, 

f[dHXz§]exp (^'^Ss..^rX{l^){Q)y (5.6) 

We will make a change of variable in the above functional integral as follows, 

Dq(I){z + 6z, z,e + 69, e) - ^{z + fc, z,e + 6e, e)DQij{z + 6z, z,e + 6e, e) 



HXzs+5HXzn 



{Dei^{z + 5z,z,e + 5e,e))X2 

(5.7) 
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By using the relations 



(j){z + Sz, z,e + Se, e) = (j){z, z, e, e) + eXzd^(f) + -DeeXzOgcj), 
t(j{z + Sz, z,e + 66, 6) = i){z, z, e, 6) + eXzd^il) + -DeeXzDeil), 



(5.8) 



where 

eXz = 5z + 659 

is an infinitesimal superdiffeomorphism parameter, we can then write 

HXze + 5HXzq = HXz§ + (d§ - HXzgd^ + -{DeHXze)De - d.HXzg^eXz. (5.9) 

Therefore, we now have, 

[dHXzg] = sdetfOg - HXzgd^ + -{D0HXzg)D0 - d^HXzg) [deXz] 
[dHXzg] = exp (^ - i—S,.„irMl, l)(e)j|d€Azl. 

Thus, the functional integral of (1,1) supergravity can be written as 

f[deXz] exp ( - i^^-^Ss.y,rX{l, l)(e)). (5.11) 

By noticing that 10 — dk = (i_(fc+3), we deduce that induced quantum supergravity 
theory is equivalent to a Borel gauged (0,1) OSp{l,2) WZNW model at level k' = 
— (/c + 3). The relation between the level of the current algebra, k' and dk agrees with 
the result calculated using the residual invariance of the theory (Eq. 2.10). 

In conclusion, we have demonstrated the equivalence of 5'A(1, 1)^ ^^^, the geomet- 
ric action describing superconformal field theory to the theory obtained by gauging 
the Borel subgroup of the (0, 1) supersymmetric OSp{l,2) WZNW model. The action 
5'A(1, 1)^ ^^^ is also understood as a partially gauged (1, 1) supersymmetric OSp{l, 2) 
WZNW model in which the residual gauge group transformation becomes the super- 
conformal transformation of the superstress energy tensor of 5'A(1, 1)^ ^^^. The classical 
action of (1, 1) supergravity in the super light-cone gauge is then derived as a Legendre 
transform of S'A(1, 1)^ ^^^ and the relation between the two actions is a consequence of 
the properties of WZNW models. 

The relation of (1,1) supergravity to that of WZNW model is then exploited to 
derive the renormalization of the central charge of the current algebra of (1,1) super- 
gravity. 

The WZNW models with symmetry group Q can be constructed as two dimensional 
field theories defined in terms of the standard Kirillov-Kostant symplectic two form 
[22] on the coadjoint orbit of the Q Kac- Moody group. Therefore, the relation between 
5'A(1, 1)^ ^^^ and the super OSp{l, 2) WZNW model refiects the fact that the symplectic 
structure of the coadjoint orbit of the super Virasoro group is related to that of the 
OSp{l,2) coadjoint orbit via Hamiltonian reduction [2,4]. 
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The above analysis can be extended to the more interesting case of A^ = 2 super- 
gravity, in which case the supergravity is related to the N = 2 supersymmetric OSp{2,2) 
WZNW model. The currents of the N = 2 super Kac- Moody algebra satisfy non-linear 
chirality constraints [17] which could be related to the non-linearity of the covariant 
derivatives in the super light-cone gauge formulation of (2,2) supergravity [18]. We 
shall report on that in a seperate publication. 
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